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Abstract 

We will introduce an operation "twisting" on Hochschild complex by 
analogy with Drinfeld's twisting operations. By using the twisting and 
derived bracket construction, we will study differential graded Lie algebra 
structures associated with bi-graded Hochschild complex. We will show that 
Rota-Baxter type operators are solutions of Maurer-Cartan equations. As an 
application of twisting, we will give a construction of associative Nijenhuis 
operators. 

1 Introduction. 

In [7] , Drinfeld introduced an operation "twisting" , motivated by the study 
of quasi-Lie bialgebras and quasi-Hopf algebras. The twisting operations 
provide a method of analyzing Manin triples. In the context of Poisson 
geometry, they gave the detailed study of twisting operations (see Kosmann- 
Schwarzbach [12, 14] and Roytenberg [21, 22]). We shortly describe twisting 
operations. We consider a graded commutative algebra, /\ '(V© V*), where 
V is a vector space over R, V* is the dual space of V. The graded algebra has 
a graded Poisson bracket defined by {V, V} = {V*,V*} := and {V, V} := 
{V, V). By definition, a structure in the graded Poisson algebra is an element 
6 in A 3 (^ ® V*) satisfying a Maurer-Cartan equation {0,0} = 0. It is 
known that the structure <d is an invariant Lie algebra structure on V © 
V* . The structures are closely related with (quasi-)Lie bialgebra structures. 
A Lie bialgebra structure is defined as a pair of tensors (^1,^2) such that 
O12 := V\ + U2 is a structure in above sense, where v\ G (/\ 2 V*) <g> V and 
1/2 S V* ® A 2 V ■ When {i>\, 1/2) is a structure of Lie bialgebra, the total space 
(V © V , G12) is called a Drinfeld double. Let r be an element in V A V. By 
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definition, the twisting of a structure O by r is a canonical transformation; 

9 r := exp(X r )(G), 

where X r is a Hamiltonian vector field X r := {~,r} and <d r is the result of 
twisting. Several interesting information is riding on the orbits of twisting 
operations. We recall a basic proposition. Let (vi,Q) be a structure of Lie 
bialgebra such that V2 — 0. Then the Drinfeld double is the space V © V* 
with the structure 0i := v\. If r is a solution of a Maurer-Cartan equation 
(or classical Yang-Baxter equation) 

M = 0, 

then a pair (y\ , {v\ , r}) is a Lie bialgebra structure and the double, v\ + 
{vi,r}, is equal with the result of twisting Q\, where [r,r] := {{fi, r},r}. 
Conversely, the Maurer-Cartan condition of r is characterized by this propo- 
sition. 

The aim of this note is to construct the theory of twisting on associative 
algebras along the philosophy and construction in [14] and [21]. At first, we 
will define a twisting operation in the category of associative algebras. The 
twisting operation is defined by using only a canonical bigraded system of 
the graded Poisson algebra f\ ' (V(BV*). Hence, given a suitable bigraded Lie 
algebra, one can define a twisting like operation on the bigraded Lie algebra. 
We consider a Hochschild complex C*(T) := Hom(T®*,T), where T is a 
vector space decomposed into two subspaces T := A\ ® A2- In Section 2, 
we will introduce a canonical bigraded Lie algebra system on C*(Ai © A2)- 
The graded Lie bracket is given by Gerstenhaber's bracket product. Our 
structures, 9, are defined as associative structures on Ai © A2, i.e., 6 is a 
2-cochain in C 2 (Ai © A2) and ti * £2 := 0(ti ® £2) is associative for any 
ti , £2 £ A\ © A2 ■ For a given 1-cochain H : A2 — » Ai , we define a twisting 
operation by the same manner with classical one, 

6 H := exp(X s )(6), 

where H is the image of the natural map C(A2,Ai) °-» C(Ai © A2) and 
Xg is an analogy of Hamiltonian vector field defined by Xg := { — ,H}, 
where C*(A2,Ai) := Hom(.4f *, Al). We will see that 6 is decomposed into 
the unique 4 substructures, 

9 = 01 + fll + /Et2 + 4>2- 

The twisting operation is completely determined by transformation rules of 
the 4 substructures. In Section 4, we will give explicit formulas of the trans- 
formation rules (Theorem 4.5). 

We consider the case of <j>\ — <j>2 — 0. In this case, Ai and A2 are 
both subalgebras of the associative algebra (Ai © A2,9). Such a triple 
{Ai ©^2,^1,^2) is called an associative twilled algebra, simply, twilled 
algebra (Carinena and coauthors [5]). When a Lie algebra is decomposed 
into two subalgebras, it is called a twilled Lie algebra ([13]), or called a 
twilled extension in [10], or a double Lie algebra in [17]. This concept is used 
in order to construct integrable Hamiltonian systems (Adler-Kostant-Symes 
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theorem). The notion of associative twilled algebra is considered as an as- 
sociative version of the classical one. In [5], they studied associative twilled 
algebras from the point of view of quantization. In Section 3, we will give 
the detailed study for twilled algebras. By derived bracket construction in 
[13], a twilled algebra structure on Ai (BA2 induces a differential graded Lie 
algebra (shortly, dg-Lie algebra) structure on C* (A2, Ai) (see Proposition 
3.3). So we can consider a deformation theory on the induced dg-Lie algebra. 
We consider a Maurer-Cartan equation in the dg-Lie algebra, 

dR+h L R,R] = 0. 

We can find a solution R in Rota-Baxter algebra theory. Let (.4, R) be an 
arbitrary associative algebra equipped with an operator R : A — » A. The 
operator R is called a Rota-Baxter operator, if R satisfies an identity (so- 
called Rota-Baxter identity), 

R(x)R(y) = R(R(x)y + xR{y)) + qR(xy), 

where q £ K is a scalar (called a weight). Rota-Baxter operators have been 
studied in combinatorics (see Rota [18, 19]). In this note we do not study 
the combinatorial problem, because it is beyond our aim. Now A © A has 
a natural twilled algebra structure, and then C(A, A) has a dg-Lie algebra 
structure. In Section 5.1, we will show that R is a Rota-Baxter operator if 
and only if R is a solution of the Maurer-Cartan equation. 

In Section 6, we will give an application of our construction. We recall 
the notion of associative Nijenhuis operator ([5]). Let N : A — > A be a linear 
map on an associative algebra A. The operator N is called an associative 
Nijenhuis operator, if it satisfies an associative version of classical Nijenhuis 
condition, 

N(x)N(y) = N(N(x)y + xN{y)) - N 2 (xy), 

where x, y G A. They showed that a deformed multiplication, x x jv y := 
N(x)y + xN(y) — N(xy), is a new associative multiplication on A and it is 
compatible with original one. In this sense, an associative Nijenhuis operator 
induces a quantum bihamiltonian system (see [5]). We will give a construc- 
tion of associative Nijenhuis operators by analogy with Poisson-Nijenhuis 
geometry. 

We recall a theorem of Vaisman [25]. Let (V, P) be a Poisson mani- 
fold equipped with a Poisson structure tensor P, i.e., P is a solution of a 
Maurer-Cartan equation, 

where the bracket product is a graded Lie bracket (called Schouten-Nijenhuis 
bracket). Since the Poisson structure is a (2, 0)-tensor, it is identified with 
a bundle map P : T*V — > TV. The Poisson bundle map induces a Lie 
algebroid structure on the cotangent bundle T*V, i.e., the space of sections 
of /\' T*V has a certain graded Lie bracket {, }p. He showed that if a 2- form 
lo is a solution of the strong Maurer-Cartan equation, duj — {lo,lo}p = 0, 
then the bundle map N := Puj : TV — > TV is a Nijenhuis tensor and the pair 
(P, N) is a compatible pair, or a Poisson-Nijenhuis structure in the sense of 
[11]. This compatibility implies that the bundle map NP : T*V -> TV is 
a Poisson structure bundle map and P + tNP is a one parameter family of 
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Poisson structures. 

We will show a similar theorem to Vaisman's theorem. First of all, we 
need Rota-Baxter type operators as substitutes for Poisson structures. Let 
A be an associative algebra and M an ,4-bimodule, and let 7r : M — ► A be 
a linear map. The linear map 7r is called a generalized Rota-Baxter operator 
of weight 0, or shortly GRB ([23]), if ir is a solution of 

7r(m)7r(n) = 7r(7r(m) • n + m • 7r(n)), (GRB) 

where m,n £ M and • is the bimodule action. When M — A as a canonical 
bimodule, (GRB) reduces to a classical Rota-Baxter identity of weight zero. 
We consider a semidirect product algebra (T :— A k M, ft), where ft is the 
associative multiplication of A K M. The Hochschild complex C*(A tx M) 
becomes a dg-Lie algebra by Gerstenhaber bracket and the coboundary map 
dp :={ft,— }. We define, due to [13], a second bracket product on C*(Atx M) 
by 

[f,9h ■■= (-l) l/H1 {{A,/},3}. 
Here the new bracket is a graded Lie bracket on C*(M,A) C C*(A tx M). 
One can show that 7r is a generalized Rota-Baxter operator if and only if it 
is a solution of the Maurer-Cartan equation 

i[#,7r]£ = 0, 

where n is the image of the natural map C 1 (M, A) =—> C X (A x M), tv i— » 7T. 

Now, given a generalized Rota-Baxter operator iv : M —> A, M becomes 
an associative algebra, where the associative multiplication on M is given by 
a structure {ft, ft}- The associativity of {ft, #} is followed from [w, 7r]/i = 0. 
We denote the associative algebra by M n . One can show that © A has 
a twilled algebra structure. Thus a dg-Lie algebra structure, (dp,, [,]{£,*}), 
is induced on C*(A, M n ). By analogy with Vaisman's theorem, we assume 
that : A — > M is a solution of the strong Maurer-Cartan equation in 
C*(A,M„), 

dpCi = [Ci,h] { p, i:) =o, 

where dp is the Hochschild coboundary on C* (A, M) and tl is defined by 
the similar manner with ir. Then we can show that a linear endomorphism 
iV := 7rfi : A — > A is an associative Nijenhuis operator and the pair (tt, N = 
7rO) is compatible (see Proposition 6.1). This proposition can be considered 
as an associative version of Vaisman's result. 

Acknowledgements. The author wishes to thank very much the referees. 
He is greatly indebted to them for their numerous suggestion. Finally, he 
would like to thank very much Professors Jean-Louis Loday, Yoshiaki Maeda 
and Akira Yoshioka for helpful comments and encouragement. 

2 Cochain calculus. 

In this section, we will define a bigraded Lie algebra structure on Hochschild 
complex C*(Ai ©^2). In the following, we assume that the characteristic 
of a ground field K is zero and that Q is included in K. 
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2.1 Gerstenhaber brackets. 

We recall Gerstenhaber's bracket product. Let V be a vector space over K. 
We consider the space of cochains g(V) := © neN C'™(V), where C n (V) = 
C n (V, V) := Hom K (l/® n , V). By definition, thedegree of / € g(V) is |/|, if 
/ is in C W (V). For any / G C W (V) and g G C lsl (V), we define a product, 

l/l 

:=B- 1 ) (< " 1)( ' Sl " 1) /°^' 

where o t is the composition of maps defined by 

/ o; g(bi, 6|/| + | g |_i) = f(bi, ...,bi-i,g(bi, 6 i+ | g |_i), b i+ \ g \ 

The degree of /og is |/| + \g\ — 1. The Gerstenhaber bracket, or shortly, 
G-bracket on £)(V) is defined as a graded commutator, 

{f,9} ■■= fog-t-lfH-WM-Vgof. 

We recall two fundamental identities: 

(I) graded commutativity, 

{/,3} = -(-l) (l/| - 1)(l9| - 1) {3,/}, 

(II) graded Jacobi identity, 

(-i) (l9| - 1)(l/| - 1) {{s,h},/} = o, 

where ft G C^(V). The above graded Jacobi identity is equivalent with 

{/, {<?, Ml = {{/, g}, h] + (-^-^-^{g, {/, h}}. (II') 

(II') is called a graded Leibniz identity, or sometimes called, a graded Loday 
identity. 

Graded Lie algebras. Let g be a graded vector space equipped with a 
binary multiplication {,} of degree 0. When the bracket product satisfies 
the following two conditions (1) and (2), g is called a graded Lie algebra. 

{/,<?} = -(-l) de9(/)de9(9) {<?,/}, (1) 
U,{9,h}} = {{/,3},M + (-l) de9(/)de9(9) {ff,{/,M}, (2) 

where /, g,h,£ g and deg(-) is the degree of g. The cochain complex g(V) 
is a graded Lie algebra of deg(f) := |/| — 1. A graded Lie algebra g is 
called a differential graded Lie algebra (dg-Lie algebra), if g has a square 
zero derivation d of degree +1 satisfying, 

d{f,g} = {df,g} + (-l) d ^{f,dg}. (3) 

Associative structures. It is well-known that S G C 2 (V) is an associative 
structure if and only if it is a solution of Maurer-Cartan equation, {S, S} = 0. 
If S is an associative structure, then ds(f) := {S, /} is a coboundary map 
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of Hochschild complex (C*(V),ds), and then (g(V),ds) becomes a dg-Lie 
algebra. 

Derived brackets. Let g be a dg-Lie algebra. We define a new bracket 
product by 

[f,g] d :=(-l) de9if) {df,g}- 

The new bracket is called a derived bracket ([13]). It is well-known that the 
derived bracket is a graded Leibniz bracket, i.e., (2) holds up to degree shift. 
Remark that the derived bracket is not graded commutative in general. We 
recall a basic lemma. 

Lemma 2.1. ([13]) Let $ be a dg-Lie algebra, and let f) C fl be an abelian 
subalgebra, i.e., {f), f)} = 0. We define a new degree (derived degree) by 
degd(h) := deg(h) + l. If the derived bracket is closed on t) , then (f), degd,[,]d) 
is a graded Lie algebra. 

2.2 Lift and Bidegree. 

Let Ai and A2 be vector spaces, and let c : Af n — > Ai be a linear map, or 
a cochain in C n (A2,Ai). We can construct a cochain c G C n (Ai ©^2) by 

c((ai,xi) ® ... ® (a„, x n )^j := {c(xi, x n ), 0). 

In general, for a given multilinear map / : A t (i) ® -4j(2) ® ■■■ ® -Aj(„) — ► A,-, 
...,i(n),j € {1, 2}, we define a cochain / G C"(A © ^2) by 

i ._ ( f on Ai(!) ® Ai( 2 ) ® ■■■ ® Ai( n ), 
\ all other cases. 

We call the cochain / a horizontal lift of /, or simply, lift. For instance, the 
lifts of a : Ai ® Ai — > Ai , /3 : Ai ® A2 — > ^2 and 7 : A ® A — ► -4 2 are 
defined by, respectively, 

&((a,x),(b,y)) = (a(o,6),0), (4) 
4((a,x),(6,y)) = (0,/3(o,y)), (5) 
7((o,x),(6,»)) = (0,7(1,6)). (6) 

Let : ^2 — * -4i (resp. : Ai — > ^2) be a 1 cochain. The lift is defined 
by 

H(a, x) = {H(x),0) (resp. H(a, x) = (0, H{a))). 
For any (a, x) G Ai © .A2 , we have HH(a,x) = H(H(x),Q) = (0,0). 
Lemma 2.2. = 0. 

This lemma will be used in Section 4. 

We denote by A the direct sum of all I + fc-tensor powers of Ai and 
A2, where I (resp. k) is the number of Ai (resp. A2). For instance, 

A 1 ' 2 := (Ai ® A 2 ® A2) © (.A2 ® -4i ® A2) © (^2 ® A2 ® -4i). 

The tensor space (Ai © ^2)®" is expanded into the direct sum of A l ' k , 
I + k = n. For instance, 

(A 1 ®A2) m =A 2 '°®A 1A ®A ' 2 . 
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We consider the space of cochains, C n (^i0^ 2 ) := Hom K ((.Ai ©Ai)* 8 ™, Ai © 
A"i). By the standard properties of Hom-functor, we have 

C n (Ai®A 2 )^ C n (^' fc ,^i)0 C n (A l ' k ,A2), (7) 

i + fc — n l-\-k — n 

where the isomorphism is the horizontal lift. 

Let / be a n-cochain in C' n (Ai © Ai). We say the bidegree of / is k\l, if 
/ is an element in C m (A l,k ~ 1 , Ai) or in C n (A l ~ 1:k , A2), where n = l + k-l. 
We denote the bidegree of / by ||/| | = k\l. In general, cochains do not have 
bidegree. We call a cochain / a homogeneous cochain, if / has the bidegree. 

We have k + I > 2, because n > 1. Thus there are no cochains of 
bidegree 0|0 or 1 1 or 0|1. If the dimension of Ai is finite and Ai = A\ 
is the dual space of A\, then a fc|Z-cochain is identified with an element in 
A® k ®A*® 1 . Hence the definition above is compatible with the classical one. 
For instance, the lift of H : A2 — > Ai, H G C x (Ai © Ai), has the bidegree 
2|0. We recall a,/3,7 G C 2 {Ai ® A 2 ) in (4), (5) and (6). One can easily see 
HI = WPW = HtII = 1|2. Thus the sum of a, $ and 7, 

A:=d + /3 + 7 (8) 

is a homogeneous cochain with bidegree 1|2. The cochain fi is a multiplica- 
tion of semidirect product type, 

fi((a,x),(b,y)) = (a(a,b),P(a,y) +j(x,b)), 

where (a, a;), (b, y) £ T. Remark that fi, is not lift (there is no /i), however, 
we will use this symbol, because fi is an interesting homogeneous cochain. 
Clearly, the lemma below holds. 

Lemma 2.3. Let f G C n (Ai ©^2) be a cochain. The bidegree of f is k\l if 
and only if the following 4 conditions hold. 

(degl) k + l- l = n. 

(deg2-l) If x is an element in A l ' k ~ 1 , then /(x) is in Ai. 
(deg2-2) If x is an element in A l ~ 1,k , then /(x) is in Ai- 
(deg3) All the other cases, /(x) = 0. 

Lemma 2.4. If \\f\\ = k\0 (resp. 0\k) and \\g\\ = /|0 (resp. Q\l), then 
{f,g} = 0, or simply, 

{(fc|0),(i|0)} = {(0|*),(0|/)} = 0. 

Proof. Assume that ||/|| = fc|0 and \\g\\ = l\0. Then / and g are both 
horizontal lifts of cochains in C* (A2 , Ai ) . Thus, from the definition of lift, 
we have / o ; g = g o 3 , f — for any i,j. □ 

Lemma 2.5. Let f G C lf] (Ai © A2) and g G C l9] (Ai © A2) homogeneous 
cochains with bidegrees kf\lf and k g \l g , respectively, where \f\ and \g\ are 
usual degrees of cochains f and g. The composition f o t g is again a homo- 
geneous cochain, and the bidegree is kf + k g — l\lf + l g — 1. 



7 



Proof. We show the conditions (degl)-(deg3). The condition (degl) holds, 
because kf + k g — l + lf+l g — 1 = + — l/^sl + l- We show the condition 
(deg2). Take an element x <g> y <g> z in A l f + ' s ~ 1,k f +k9 ~ 2 . We consider 

/o ifl (x,y,z) = /(x,ff(y),z). (*) 

If (★) is zero, then it is in .Ai. Namely (deg2-l) is satisfied. So we assume 
(*) 7^ 0. We consider the case of g(y) G Ai. In this case, y is in J[ l s' k s~ 1 _ 
and x ® z is in A l f~ 1,k f~ 1 . Thus x (g g(y) ® z is an element in A'f^f -1 
which implies /(x (g) <?(y) <g> z) £ .Ai. When the case of g(y) G A2, y is in 
jlg-i,k g anc ix®zisin A i/,fc/ ~ 2 . Thus x®p(y)®z is an element in A^'*^ -1 
which gives /(x (g) <?(y) (g) z) G Ai . Similar way, when x <g> y <g> z is an element 
in A l f +lg ~ 2 ' k f +kg ~ 1 , the condition holds. We show (deg3). If x <g> y (g) z is 
an element in i 4'/+'s- 1 +*>*/+fc9- 2 -' an d ff ( y ) ^ 0, then x <g> #(y) (g) z is in 
jif+i,kf-i-i m When j ^ 0, from the assumption, /(x <g> g(y) (g z) = 0. The 
proof is completed. □ 

Proposition 2.6. = kf\lf and \\g\\ — k g \l g , then the Gerstenhaber 

bracket {f,g} has the bidegree kf + k g — l\lf + l g — 1. 

Proof. Straightforward. □ 

Remark. Given a bidegree k + l\l + 1-cochain /, we define bideg(f) := k\l. 
If bideg(f) — k\l and bideg(g) = m\n, then bideg({f, g}) = bideg(f) + 
bideg(g) = k + m\l + n. Thus the bidegree, bideg, of Gerstenhaber bracket 
is 0|0. 



3 Main objects. 

Notations. Let Ai and A2 be vector spaces. We denote any elements of 
Ai by a, b, c, ... and denote any elements of A2 by x, y, z, .... We sometimes 
use an identification (a, x) = a + x, where (a, x) G Ai © _4 2 - 

3.1 Twilled algebras. 
3.1.1 Structures. 

Let T be an associative algebra equipped with an associative structure 9. 
We assume a decomposition of T into two subspaces, T = Ai © A 2 - The as- 
sociative structure defines an associative multiplication by 9((a,x), (b,y)) := 
(a, x) * (6, y), for any (a, x), (6, y) G T. 

Definition 3.1. ([5]) The triple (T, Ai,A2), or simply T, is called an asso- 
ciative twilled algebra, if Ai and A2 are subalgebras of T . We sometimes 
denote a twilled algebra T by Ai X A 2 - 

One can easily check that if Ai N A2 is a twilled algebra, then Ai (resp. 
A2) is an ^2-bimodule (resp. Ai-bimodule). These bimodule structures 
are defined by the following decomposition of associative multiplication of 
T. For any a € Ai and x G A2, the multiplications a * x and x * a are 
decomposed into 4 multiplications, 

a * x = (a *2 x,a *\ x), i*a=(i* 2 a,i*i a), 
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where a *2 x and x *2 a are _4i-components of a * x and x * a respectively, and 
similar way, a*ii and i*id are ^2-components. One can easily check that 
the multiplication *i (resp. *2) is the bimodule action of Ai to A2 (resp. 
Ai to A). 

In general, the associative multiplication of Ai IX A2 has the form, 

(a,x) * (b,y) = (a* b + a *2 y + x *2 b,a *i y + x *i b + x * y). 

The total multiplication, *, is decomposed into two "associative" multipli- 
cations of semidirect product, 

(a, x) *i (b, y) := (a *i i>, a *i j/ + x *i b), 
(a,x)* 2 (b,y) := (a * 2 J/ + a; * 2 b, x * 2 J/), 

where we put a *i 6 := a * 6 and x *2 y '■= x * y. Hence the structure # is also 
decomposed into two associative structures, 

= jii + £2, 

where £, is the structure associated with the multiplication *i for i = 1,2. 
Recall (8). The cochains /ti and /t2 have the bidegrees 1|2 and 2|1 respec- 
tively. Under the assumption, the decomposition of 9 is unique, i.e., if 9 
is decomposed into two substructures of bidegrees 1|2 and 2|1, then such 
substructures are uniquely determined. 

Lemma 3.2. The associativity of 9 ({9,9} = 0) is equivalent with the com- 
patibility conditions, 

i{Ai,Ai} = 0, (9) 
{£1,^2} = 0, (10) 
i{£ 2 ,£2} = 0. (11) 

Proof. We will show a more generalized result in Lemma 3.9 below. □ 
3.1.2 The case of subalgebras in duality 

Given an arbitrary associative algebra A, we have a Lie algebra by the 
commutator, [a, b] := ab — ba on A. The induced Lie algebra is denoted by 
L(A). The correspondence L : A — > L(A) is a functor (sometimes called a 
Liezation) from the usual category of associative algebras to the one of Lie 
algebras. 

In this short section, we assume that _4i —: A is a finite dimensional 
vector space and A2 is the dual space. In this case, T = A © A* has a 
nondegenerate symmetric bilinear form, (— | — ), where („4]„4*) = (_4*|.4) is 
the dual pairing and (-4|.4) = (,4*|.4*) = 0. We set a natural assumption, 
namely, the bilinear form is invariant (or associative) with respect to the 
associative multiplication of T, explicitly, 

(ti*t 2 \t 3 ) = {ti\t 2 *t 3 ) 

for any £1,^2, £3 £ T. Such a twilled algebra is called an invariant twilled 
algebra. 
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If T is an invariant twilled algebra, then the triple (L(T) , L(A) , L(A*)) is 
a Manin triple. It is a twilled Lie algebra with an invariant pseudo-Euclidean 
metric decomposed into two maximally isotropic subalgebras. In general, a 
pair of Lie algebras (51,82) becomes a Lie bialgebra if and only if a triple of 
Lie algebras (fji N g 2 , 0i, 02) is a Manin triple. In this times, the total space 
0i 1x1 02 is called a Drinfeld double. Thus the pair (L(A), L(A*)) becomes a 
Lie bialgebra and L(A) M L(A*) is a Drinfeld double. If T is a quasi-twilled 
algebra in Definition 3.10 below, then the cocycle term 0i (or 02) is a cyclic 
cocycle, i.e., for any a, b, c G A, 

0i (o, b)(c) = <f>i(b, c)(a) = 0i (c, a)(b). 

This fact is directly checked by the invariancy. And the commutator, <I?i (a, b) := 
0i (a, 6) — 0i (6, a), is identified with a skew symmetric 3-tensor in /\ 3 .4*. This 
implies that if A © A* is a quasi-twilled algebra, then L(T) is the double of 
quasi-Lie bialgebra (L(A), L(A)*) (see [7], [12] for quasi-Lie bialgebras). 

The dual map of an associative multiplication on T becomes a coasso- 
ciative multiplication T — > T <g> T . Here T and T CS> T are identified with 
T* and (T®T)* by the bilinear form. Since /ti is associative, the dual map 
of jli becomes a coassociative multiplication, Ap, t : T — > T (g> T, i = 1, 2. 
We rewrite the conditions (9), (10) and (11) by the comultiplications. (9) 
and (11) are equivalent with coassociativity of A^, i = 1,2, respectively. 
So we consider (10). We define a (T, /ti)-bimodule structure on T ® T by 
t • (T ® T) := (t *i T)®T and (T ® T) • t := T ® (T *i t) where t G T and 
*i is the associative multiplication of fn. For any s,t,u,v G T, we have 

(A# 2 (s *i i)|w ® w) = (s *i t\u *2 w), 

where the pairing (— | — ) is extended on T ® T by the rule, 

(s (g) t|w ig) w) := (s|v)(t|u). 

The invariancy holds with respect to fii, i — 1,2, for instance, 

(a *i xj6) = (a* x\b) = (a\x * b) = (ajx *i 6), 

where (-4|.4) = is used. From the invariancy, we have (s*it\u*2v) = (s\t*i 
(u*2v)). By (10), we have t*i (u*2v) = (t*2u)*iv + (t*iu)*2V — t*2 (11*1 v). 
Thus (10) is equivalent with the condition, 

(A A2 (s *i t)\u ®v) = (s\t *1 (u *2 «)) = 

= (s\(t *2 u) *1 v) + (s|(t *l u) *2 w) — (s |£ *2 (u *1 «))■ (12) 

The first term of the right-hand side of (12) is 

(s\(t *2 u) *i «) = (v *i s|t *2 w) = (w *2 (v *i s)|t) = ('« <8> (v *1 s)\A/i 2 (t)). 

We put A^ 2 (t) = ti ® £2- Then we have 

(it®(v*is)|A A2 (t)) = ^(«|t 2 )(«*is|ti) = 53(u|t 2 )(v|s*iti) = (tti8)t;|s-A A2 (t)). 
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And the second and third terms of the right-hand side of (12) are 

(s\(t *1 u) *2 v) — (s\t *2 (u *1«)) = (Afi 2 (s)\(t *l u) C8> v) — (s *2 t\u *1 v). 

We put A A2 (s) = s i ® s 2- Then we have 

(A A2 (s)|(t*iu)(gw) = ^(si|v)(s 2 |t*iu) = ^(si|v)(s2*ii|w) = (A A2 (s)-t|«<gw). 

(B) 

and 

(s * 2 t|u *i v) = (A Al (s * 2 ® w) = (A Al o (t 2 (s,t)\u (g) «). (C) 

From (A),(B) and (C), we obtain a compatibility condition, 

(A A2 (s*it)|u(g>v) = (s-A A2 (t)|w(giw) + (A / i 2 (s)-i|wi8)w)-(A Al o/i2(s,t)|ui8)v). 

(13) 

Since T®T is a (T, /ti)-bimodule, we have a Hochschild complex (C*(T , T® 
T),D Al ), where D Al is a Hochschild coboundary map. The condition (13) 
is equivalent with (14) below. Under the assumptions of this section, the 
identity (10) {/xi,/t2} = is equivalent with 

D A iA A2 - A Al o/2 2 =0. (14) 

Since {/t2, /ti} = 0, we have D A2 A Al — A A2 o/i 1 = 0. One can easily show that 
£> Ai A Ai — A Ai o jli = holds for i = 1, 2. Thus we have DgAg — Ag o = 0. 
From (14) we have D Al (Ai o /i 2 ) = 0. By direct computation, one can show 
that if A is unital (i.e. 1 *i A = A*i 1), then D Al (Ai 0(12) = implies (14). 

It is obvious that A is a sub-coalgebra of (T, A Aa ). Since £12 is zero on 
A® A, A Aa is a derivation on A, i.e., for any a, 6 € A, 

A A2 (a *i 6) = A A2 (a) ■ b + a ■ A Aa (6). 

An associative and coassociative algebra (J,*, 5) is called an infinitesimal 
bialgebra ([9]), if 5(a *b) = a ■ 5(b) + 5(b) ■ a for any a,b el. Thus the triple 
(A, *i,A A2 ) is an infinitesimal bialgebra. We consider the converse. Given 
an infinitesimal bialgebra (X, *,5), the multiplications * and 5 are extended 
on by adjoint actions. However the compatibility condition (14) is 

not satisfied in general. This implies that the Liezation of an infinitesimal 
bialgebra is not a Lie bialgebra in general. For this problem, see the detailed 
study Aguiar [3] . 

3.1.3 Induced dg-Lie algebras. 

This short section is the heart of this article. The meaning of twilled alge- 
bra is given by the proposition below. From the associative condition (9), 
(C*(T), djx 1 (— ) := {Aii - }) becomes a dg-Lie algebra. The graded space 
C(A2,Ai) is identified with an abelian subalgebra of the dg-Lie algebra, 
via the horizontal lift. One can easily check that the derived bracket 

l.f,gU :=(-i) l/H1 {{Ai, /},<?} 

is closed on C*(A2,Ai). From Lemma 2.1, C* (A2, Ai) becomes a graded 
Lie algebra. Further, by (10) and (11), d A2 := {p,2, } becomes a square zero 
derivation on the induced graded Lie algebra C*(.42,.4i)- 
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Proposition 3.3. If T = Ai M Ai is a twilled algebra, then C* (A2, Ai) 
has a dg-Lie algebra structure. The degree of dg-Lie algebra structure is the 
same as the usual degree of cochains. 

Proof. We show only a derivation property of dji 2 . Since /*2 is an associative 
structure, djx 2 is square zero. For any cochains /, g G C* (A2 , Ai ) , we have 

dfi 3 \f,g] h := (-l) l/| - 1 {A 2 ,{{Ai, /},»}} 

= (-i) l/H1 {{A 2 ,{Ai,/}},3}-{{Ai,/},{A2,5}} 
= (-i) l/l {{Ai I {A2,/}},ff} - {{Ai>/},{A2,s}} 

= fe/.fllAi + (- 1 )' /l [/,rfA2fl , ]Ai- 

From Lemma 2.1, the derived degree is given by degd fil (/) = deg(f) + 1 = 
l/l, where deg(f) = |/| — 1 is the degree of the canonical dg-Lie algebra 
(C*(T),d / a 1 ) (recall Section 2.1). Thus satisfies the defining condition 
(3) of dg-Lie algebra. □ 

When we recall deformation theory, it is natural to ask: What is a solu- 
tion of Maurer-Cartan equation in the dg-Lie algebra ? We will solve this 
question in Section 5. 

3.1.4 Examples 

Example 3.4. (trivial extensions, semidirect product algebras.) Let A be an 
associative algebra and let M an A-bimodule. The trivial extension A x M 
is a twilled algebra of A = -4i and M — A2, where the structure fi2 is trivial 
and fX\ is defined by, for any (a, m), (b, n) G A © M, 

fii((a, m), (b, n)) := (a, m) * (b, n) := (ab, a ■ n + m ■ b), 

where ■ is the biraodule action of A on M. 

A direct product algebra A x A is a twilled algebra. The following ex- 
ample is considered as a g-analogue of trivial extensions. 

Example 3.5. (q-trivial extensions.) Let A be an associative algebra. De- 
fine a multiplication on A © A by 

(a, x) * q (b, y) := (ab, ay + xb + qxy), 

where q € K. Then (A® A, * q ) becomes a twilled algebra. We denote the 
twilled algebra by A M 9 A. 

If (T,9) is an associative algebra, then C*(T) becomes an associative 
algebra by a cup product, fVeg~ 9(f,g), f,g € C*(T). 

Example 3.6. IfT = Ai N A2 is a twilled algebra, then 

C*{T) = C\T,Ai M A2) — C*{T,Ai) M C*(T, A2) 

is a twilled algebra, because the cup product is decomposed into Vg = + 
Va 2 - 
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3.2 Proto-, Quasi-twilled algebras. 

A quasi-Lie bialgebra is known as a classical limit of a quasi-Hopf algebra. 
The notion of quasi-Lie bialgebra is generalized to proto-Lie bialgebras (see 
[12]). The latter is more complicated object than quasi-Lie bialgebras. The 
proto-Lie bialgebras provide a general framework of quantum-classical cor- 
respondence. In this section, we will study associative analogues of proto-, 
quasi-Lie bialgebras. 

Definition 3.7. Let (T,6) be an associative algebra decomposed into two 
subspaces, T = Ai © Ai ■ Here Ai and A2 are not necessarily subalgebras. 
We call the triple (T, A\,A2) a proto-twilled algebra. 

Lemma 3.8. Let 9 be an arbitrary 2-cochain in C 2 (T). Then 9 is uniquely 
decomposed into 4 homogeneous cochains of bidegrees 0|3, 1|2, 2|1 and 3|0, 

9 = (f>i + Ai + A2 + fa- 
Proof. Recall the decomposition (7). The space of 2-cochains C 2 (T) is de- 
composed into 4 subspaces, 

C 2 (T) = (0|3)©(1|2)©(2|1)©(3|0), 

where (i\j) is the space of bidegree i|j-cochains, i,j — 0, 1, 2, 3. The decom- 
position is essentially unique. Thus 9 is uniquely decomposed into homoge- 
neous cochains of bidegrees 0|3, 1|2, 2jl and 3| 0. The 4 substructures 4>i, /ti, 
£12 and (j>2 in the lemma are given as the homogeneous cochains. The proof 
is completed. □ 

The multiplication (a,x) * (b, y) := 0((a,x),(b,y)) of T is uniquely de- 
composed by the canonical projections T — » Ai and T — > A2 into the 8 
multiplications, 

a * b = (a *i b, a *2 b), 
a*y = (a* 2 y,a*iy), 
x * b = (x *2 b, x *i b), 
x*y = (x *i y, x *2 y). 

We put bidegrees on the 4 cochains, \\<j>i\\ := 0|3, \\fii\\ := 1|2, \\fi2W '■= 2jl 
and \\4>2\\ := 3|0. Then we obtain 

4>i {{a, x),(b, y)) = (0,0*26), 

fii((a,x),(b,y)) = (a*i b, 0*1 y + x *i b), 

fi 2 ((a,x),(b,y)) = (a * 2 y + x * 2 b,x * 2 y), 

4> 2 {{a,x),(b,y)) = (x*iy,0). 

Remark that 4>i and 02 are lifted cochains of 4>i(a, b) := a* 2 6 and 4>2{x, y) := 
x *i y. 
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Lemma 3.9. The Maurer-Cartan condition {0, 6} — is equivalent with the 
following 5 conditions. 



{£i,<M 


= 0, 


^{£i,Ai} + {Aa,0i} 


= 0, 


{A1.A2} + {<£l,<M 


= 0, 


^{£2^2} + {£i,<M 


= 0, 


{A2,<M 


= 0. 



(15) 
(16) 
(17) 
(18) 
(19) 

Proof. From the 5 conditions, one can directly check the Maurer-Cartan 
condition of 8. We show the converse. The bidegrees of 4>i, fii, jX 2 and 4>2 
are 0|3, 1|2, 2|1 and 3|0, respectively. If {6,6} = 0, then 

{£1, Ai} + 2{A2, 4>i} + 2{£i, A2} + 2{4> 1 ,4> 2 } + {A2, A2} + 2{Ai, <M+ 

2{Ai,<M + 2{A2,<M = 0. 

The first two terms have l|3-bidegree, the second two terms have 2|2-bidegree, 
the third two terms have 3|l-bidegree and the last two terms have 0|4 and 
4|0 respectively. Thus we have {£li, jli} + 2{/i2, 4>i} = for l|3-bidegree, and 
this is (16). Similarly, we obtain (15)-(19). □ 

Definition 3.10. Let T — Ai © A2 be a proto-twilled algebra equipped with 
the structures £12, 4>i, ^2). We call the triple (T, Ai, A2) a quasi-twilled 
algebra, if 4>2 = 0, or equivalently, A2 is a subalgebra. Since Ai © A2 = 
A2 (BAi, the definition is adapted in the case of (j>2 7^ and cj>\ = 0. 

It is obvious that twilled algebras are special quasi-twilled algebras of 
4>i = 4>2 = 0. From Lemma 3.9, 6 is the structure of a quasi-twilled algebra 
of (j>2 — if and only if 

{Ai,<M = 0, (20) 
i{Ai,Ai} + {A2,<M = 0, (21) 

{Ai,A2> = 0, (22) 
i{A2,A2> = 0. (23) 

In Proposition 3.3, we saw C*(A2, Ai) has a dg-Lie algebra structure. In the 
quasi-twilled algebra cases, from (23), d^ is still a square zero derivation, 
but the derived bracket by fii does not satisfy the graded Jacobi identity in 
general. However the Jacobiator still satisfies a weak Jacobi identity in the 
sense of homotopy Lie algebras ([6], [15]). The 3-cochain ^{p,i,fi,i} rises up 
to the graded Jacobiator via the derived bracket, 



(-l) l9K1 i{{{{A!,Ai},/},5},M = 



[/, [g^UU - [[f,gU,hU - (-i) l/llsl [ 5 , [Mkk 
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From (21), the Jacobiator is also given by — {jj,2,<f>i}- We define a tri-linear 
bracket product (homotopy) on C*(A2,Ai) by 

[f,9,h] h := (-^-'{{{tij}^}^}. 

Since C*(A2,A\) is abelian with respect to { — ,—}, the tribracket is skew- 
symmetric. We can show that the system, (d^ , [•, -J^ , [•, •, ), defines a 
strong homotopy Lie algebra structure of l n >4 := on C* {A2, Ai). This 
assertion will be shown as a corollary of a more general result in [24]. 

The complex plane, T := C, is a quasi-twilled algebra decomposed into 
the real part and the imaginary part. Given a M-algebra A, the complexifi- 
cation C <8>r A — A © \/— L4 is a quasi-twilled algebra. 

Example 3.11. (Quasi-trivial extension.) Let A be an associative algebra. 
Define a multiplication on A © A by 

(a,x) *q (b,y) := (ab+Qxy,ay + xb), 

where Q € K. Then A(BA becomes a quasi-twilled algebra, where 4>2(x,y) := 
Qxy. We denote the algebra by A ©q A. 

4 Twisting by a 1-cochain 

Let h be a 1-cochain in C 1 (T). By analogy with Hamiltonian vector field, 
we define an operator by X h := {-,h}, and by analogy with Hamiltonian 
flow, we put 

exp(X h )() ~l+X h + ±Xl + ±Xl + ..., 

where X\ := {{-,h},h} and X% is defined by the same manner. Remark 
that exp(Xh) is not well-defined in general. 

Let (T = Ai © A 2 , 0) be a proto-twilled algebra, and let H £ C 1 (T) be 
the lift of a linear map H : A2 — > -4i (or H : Ai — » ^2). Then exp(Xg) is 
always well-defined as an operator, because HH — (recall Lemma 2.2). 
Definition 4.1. A transformation (24) is called a "twisting" of 9 by H. 

6 H := exp(X s )(6). (24) 

ft is clear that the result of twisting by H is again a 2-cochain. We 
can consider the twisting operations are special examples of gauge trans- 
formations in deformation theory (see [6]). The following Lemma 4.2 and 
Proposition 4.3 are followed from standard arguments in deformation theory. 

Lemma 4.2. 8 H = e-"6(e S ® e S ), where e ±S = 1 ± H. 
Proof. We have e- S d(e" ® e S ) = 9(e S ® e") - H6(e" ® e S ) = 
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Since HH = 0, for any I > 4, we have -X"j~(0) = 0. Thus we have 

exp{X R ){9) = 9 + {9,H} + i{{0, H}, H} + ±{{{9, H}, H}, H}. 
One can directly check the three identities below. 

{9,H} = 9(H®1)+9{1®H)-H9, 
^{{9,H},H} = 9(H®H)-H9(H®1)-H9(1®H), 

±{{{0,H},H},H} = —H9(H ® H). 

The proof of the lemma is completed. □ 

From above lemma, we have {6 H ,6 H } = e~ H {9, 9}(e H ® e H ® e H ). This 
implies 

Proposition 4.3. The result of twisting 9 H is an associative structure, i.e., 

{e H ,e H } = o. 

The following corollary is useful. 
Corollary 4.4. The twisting by H induces an algebra isomorphism, 

e H :(T,9 H )^(T,9). 

Obviously, (T,9 H ) is also a proto- twilled algebra. Thus 9 H is also de- 
composed into the unique 4 substructures. The twisting operations are com- 
pletely determined by 

Theorem 4.5. Assume a decomposition of 9, 9 := fii + (12 + (f>i + 02. The 
unique 4 substructures of 9 H have the following form: 

4>? = 01, (25) 
Af = Ai + {0i,#}, (26) 

H 
2 

0? = h + d^H+^[H,H] fL1 + ^{{{4> 1 ,H},H},H}, (28) 

where d^-) := {fn,-}, (i = 1, 2) and [H, H]^ := {{Ai, H}, H}. 

Proof. The first term of exp(X R )(9) is 9. From the bidegree calculus, we 
have {j>2,H} = 0, because ||0 2 || = 3|0 and \\H\\ = 2|0. Thus the second 
term of exp(Xg)(9) has the form, 

We have \\{fiuH}\\ = 2|1, ||{£a,ff}|| = 3|0 and ||{0i,-ff}|| = 1|2, which 
implies {{A2, H}, H} = 0. Thus the third term has the form, 

±({{Ai, £},£} + {{0i, H},H}). 



fi" = fi2+d H H+\{{^,H},H}, (27) 
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The bidegrees are ||{{£i, H}, H}\\ = 3j0 and \\{{4>i, H}, H}\\ = 2|1. The 
final term is {{{9, H}, H}, H} = {{{fa,H}, H}, H] which has the bidegree 
3|0. Thus the sum of all 3|0-terms is 

h + {fi2,H} + + ^{{{4>!,H},H},H} 

which gives (28). In this way, the remaining 3 conditions hold. □ 

5 Maurer-Cartan equations 

Let T = Ai © A2 be a proto-twilled algebra equipped with an associative 
structure 9 and let (<f>i, £1, £2, </>2) be the unique 4 substructures of 9. In this 
section, we discuss various examples of twisting operations. 

5.1 The cases of <f>i — and c/) 2 = 0. 

In this case, T — Ai M Ai is a twilled algebra. However the result of twisting 
by H : A2 — > Ai, (T H , Ai, A2), is a quasi- twilled algebra in general. The 
twisted structures have the forms, 

A»i = Mi, 

ft? = fl2 + df ll H, 

This 4>2 is called a curvature. The derivation operator on the graded Lie 
algebra C(A2,Ai) is modified by H, d^H(—) = d/x 2 (— ) + [i?, — where 

d^tid^H / in general. By Lemma 3.9 (19), the cocycle condition of (f>2 
still holds, 

d A H0f = 0. 
This is a kind of Bianchi identity. 

5.1.1 Maurer-Cartan operators. 

In Proposition 3.3, we saw that C*(A2,Ai) has a dg-Lie algebra structure. 
We study a Maurer-Cartan equation in the dg-Lie algebra. 

Corollary 5.1. The result of twisting Th = A\ ®A2 is also a twilled algebra 
if and only if the curvature vanishes, or equivalently, H is a solution of a 
Maurer-Cartan equation, 

d^H +i[ff,fl] Al =0. (MC) 
The condition (MC) is equivalent with 

H(x) *i H(y) + H(x) * 2 y + x * 2 H(y) — H(H(x) *i y + x *i H(y)) + H(x* 2 y)- 

(29) 
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Proof. We have djx 2 H = fi 2 (H <g> 1) - Hfi 2 + fi 2 {l <S> H) and 

= Ai(-ff®^)--ffAi(i®-ff)--ffAi(-ff®i)- 

This gives, for any (a, x), (6, j/) G T, 

H(x)*2y-H(x*2y)+x*2H(y)+H(x)*iH(y)-H(H(x)*iy+x*iH(y)). 

□ 

Definition 5.2. Lei „4i M _4 2 be a twilled algebra and let H : A 2 — > Ai 
a linear map. We call the operator H in (MC), or equivalently, in (29) a 
Maurer-Cartan operator. A Maurer-Cartan operator is called strong, if 
it is a derivation with respect to the multiplication * 2 , i.e., 

H(x *2 y) = x * 2 H{y) + H{x) * 2 y. 

In Liu and coauthors [16], a Maurer-Cartan equation in other dg-Lie 
algebra was studied. The concept of strong solution is due to their work. If 
H is strong, then the identity, H(x) *i H(y) — H(H(x) *i y + x *i H(y)), 
automatically holds. The strong Maurer-Cartan condition is equivalent with 

We easily obtain 

Corollary 5.3. If H is a Maurer-Cartan operator, then 

x x H y ■■= H(x) + H(y) +1*21/ 
is an associative multiplication on A 2 ■ 

Proof. When H satisfies (MC), we have cj> 2 — 0. By Lemma 3.9, we obtain 
{A^i A?} = which gives the associativity of fi 2 . The multiplication has 
the following form on A 2 , 

(i 2 {x, y) = H(x) *it/ + i*i H(y) + x * 2 y. 

□ 

We recall Rota-Baxter operators in Introduction. 

Example 5.4. (Rota-Baxter operators of weight q.) Let A be an associative 
algebra. We recall the twilled algebra in Example 3.5. The multiplication of 
A IX, A is defined by 

(a, x) * q (6, y) ■— (ab, ay + xb + qxy), (30) 

where q £ K (weight). From (29), the Maurer-Cartan operators on A M 9 A 
satisfy the Rota-Baxter identity of weight q, 

R(x)R{y) = R(R(x)y + xR(y)) + qR{xy). 
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where we put R :— H . Thus Rota-Baxter operators can be seen as examples 
of Maurer-Cartan operators. 

As an example of Rota-Baxter operator, we know 

R (f)( x ) : = f(l x ) + f(° 2x ) + f(q ix ) + ■■■ (convergent) 
where R is defined on a certain algebra of functions (see [19]). 

5.1.2 The cases of fa = 0. 

Consider the cases of fi2 = 0. In this case, since djx 2 = 0, the Maurer-Cartan 
equation simply has the form, [H,H]p, 1 /2 — 0, or equivalently, (29) reduces 
to the identity, 

H(x) *i H(y) = H(H(x) * iy + x^ H{y)). 

Further, if Ai — Ai as a canonical bimodule, then H is considered as a 
Rota-Baxter operator with weight zero. 

Definition 5.5. ([23]) Let A be an associative algebra and let M be an 
A-bimodule. A linear map tv : M — > A is called a generalized Rota-Baxter 
operator (of weight zero), if it is a solution of the identity, 

7r(m)7r(n) = 7r(7r(m) • n + m • 7r(n)), (31) 

or equivalently, Tv]p,/2 = 0, where m,n £ M and fi is the associative 
structure of An M. 

A generalized Rota-Baxter operator is obviously a (strong-)Maurer-Cartan 
operator. Given a generalized Rota-Baxter operator 7T : M — » A, we have 
a twilled algebra A N M n by the twisting of A k M by 7r, where M n is an 
associative subalgebra given by Corollary 5.3. The associative structure of 
A M M w is the sum of two structures, fi + {fb, n}. 

Corollary 5.6. Under the assumptions above, if tt\ is a second generalized 
Rota-Baxter operator on A x M, i.e., [#1, 7Ti]/i = 0, then H := 7ri — tv is a 
Maurer-Cartan operator on A X M^. If H is strong, then ir + tH is a one 
parameter family of generalized Rota-Baxter operators for any t £ K. 

Proof. From assumptions, we have [H,H]fi/2 = — [#1, On the other 
hand, since dp, 2 () = {{/t,7r}, •}, we have 

d (i 2 H = {{/i>},7ri} = [7r,7ri] A = [tti, 

Simply, we obtain the condition (MC). Thus Maurer-Cartan operators on 
A M Mjr are given as the difference of it with generalized Rota-Baxter oper- 
ators. If H is a strong Maurer-Cartan operator, then tH is also so for any 
tel. This implies the second part of the corollary. □ 

We recall in Section 3.1.2. Let A be a finite dimensional associative al- 
gebra and let A* the dual space. By a canonical adjoint action, A acts on 
the dual space. In this case, there are interesting similarities in between 
generalized Rota-Baxter operators and classical r-matrices. We recall classi- 
cal Yang-Baxter equation (CYBE). There exists several equivalent definition 
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of CYBE. We recall the one of them. CYBE is defined to be an operator 
identity in the category of Lie algebras, 



[r(x),r(y)] = r([f(x),y] + [x,r(y)]) 

where r is a two tensor in g C8> g (g is a finite dimensional Lie algebra), 
f : g* — > g is the associated linear map, x, y are elements in the dual space 
0* and the brackets in the right-hand side are adjoint actions. The space 
of alternative tensors f\* g has a graded Lie algebra structure of Schouten 
bracket. If r is an element in g Ag, then the Schouten bracket [r, r] is in f\ 3 g, 
and [r, r] = if and only if f satisfies CYBE above. Such a matrix r is called 
a triangular r-matrix. When g is a Lie algebroid, a triangular r-matrix is a 
Poisson structure. The notion of generalized Rota-Baxter operator can be 
seen as an associative version of triangular r-matrices and Poisson structures. 
We believe that this picture is justified by the following example. 

Example 5.7. Let A be a 2- dimensional algebra generated by ^ J 
and \ \ n ) • The dual space A* is an A-bimodule by adjoint action. 



^ r 

Thus we have a twilled algebra A A* . Define a tensor r by 

) A { 

The tensor r is identified with a map r : A* — » A. By direct computation, 
one can check that the map is a generalized Rota-Baxter operator. 

In general, if a 2-tensor r € A A A satisfies Aguiar's multiplicative equa- 
tion (called an associative Yang-Baxter) in [1, 2, 3], 

ri3ri2 - r 12 r2z + r 2 3»"i3 = 0, (AYBE) 

then f : A* — > A is a generalized Rota-Baxter operator (see [23]). Con- 
versely, a skew symmetric generalized Rota-Baxter operator satisfies (AYBE) 
above. In non skewsymmetric cases, there is a delicate difference between 
AYBE and the generalized Rota-Baxter condition. 

When r is skewsymmetric, the twisting by r preserves the bilinear pairing 
(— |— ) in Section 3.1.2. Thus the associative structure fi + {fi,r} satisfies the 
invariant condition in the sense of 3.1.2. 

A Poisson structure is considered as a sheaf version of triangular matrices. 
It is natural to ask what is a sheaf version of Rota-Baxter operators. We do 
not yet have an interesting solution. We wish to find a Rota-Baxter operator 
on the universal enveloping algebra of a Lie algebroid. If there exists such a 
Rota-Baxter operator, it is considered as an example of the sheaf version. 

5.2 The cases of 0i ^ and 2 = 0. 

In this case, T = _4i ©^2 is a quasi-twilled algebra. However Th = Ai(DA2 
is not necessarily a quasi-twilled algebra, because <j>f = (pi ^ and 

0? = d^H + l[H, H] Al + \{{{k,H}, H}, H} ? 0. 
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In general, the result of twisting have the forms, 

4>i = 0i, 

Af = fa+{<j>i,H}, 

A? = fc + d h H+±{{4i,H},H}, 

$ = d Aa ff+i[ff,fl] Al + i{{{^i,ff},ff},fl}, 

Since /ti is not associative, the derived bracket [, ] Al does not satisfy the 
graded Jacobi rule in general. However the space C*(A2,Ai) still has a 
homotopy Lie algebra structure (dp, 2 , [•, -] Al ,[•,-, ) in Section 3.2. We 
consider a Maurer-Cartan equation in this homotopy Lie algebra. The fol- 
lowing two corollaries are followed by the same manners with Corollary 5.1 
and Corollary 5.3. 

Corollary 5.8. The result of twisting Th = Ai © A2 is also a quasi-twilled 
algebra if and only if it is a solution of twisted Maurer-Cartan equation, 

dfrH+ \[H, H\ H + \[H, H, H] $i = 0, (TMC) 
or equivalently, for any x,y € A2, 

H{x) *i H{y) + H{x) *2|/ + i*2 H(y) = 

H(H(x) *!!, + «, H(y)) + H(x * 2 y) + H{<t> 1 (H(x),H(y))). (32) 

Corollary 5.9. //Th = Ai ffi A2 is a quasi-twilled algebra, then 

x y := p£(x,y) = H(x) *i y + x *i + x * 2 J/ + </>i(H(x),H(y)). 

is an associative multiplication on A2 ■ 

Example 5.10. (Twisted Rota-Baxter operators [23].) If fa = 0, or * 2 is 
trivial, then (32) is reduced to an identity: 

H{x) *i H(y) = H(H(x) + H(y)) + H \fa(H \x) , H (y))) . (TRB1) 

(TRB1) is equivalent with 

(TRB2) 

Such an operator H is called a twisted Rota-Baxter operator (of weight zero). 

As an example of twisted Rota-Baxter operators, we know Reynolds op- 
erators in probability theory ([20]). Let A be a certain functional algebra. 
Define an operator R : A — > A by 

R(f)(x)~ / e-*f{x-t)dt. 
Jo 

Then R satisfies an identity, 

R(f)R(g) = R(R(f)g + fR{g)) - R(R(f)R(g)). 

Such an operator is called a Reynolds operator. The last term —R(R(f)R(g)) = 
R<j}(R(f),R(g)) can be seen as the cocycle term of twisted Rota-Baxter iden- 
tity. Thus a Reynolds operator can be seen as a homotopy version of Rota- 
Baxter operators of weight zero. 
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A Reynolds operator is used, in the study of turbulent flow, in order 
to induce a mean field model of Navier- Stokes equation (so-called Reynolds 
equation). One can easily verify that if R(f) := / is the mean of /, then the 
operator satisfies the identity above, because an averaging operation satisfies 
the identities fg = f-g = fg and / = / in general. Unfortunately, we do 
not know an application of our construction to Rota's theory. 

5.3 The cases of <f>i — and 2 7^ 

In this case, <j>i — cj>i — 0, and thus fii and fii are both associative. The 
twisted 4 substructures have the forms, 

Mi = Mi, 

A? = ft2+d fll H, 

4>? = 02 + d Aa ff+i[ff,fl] Al . 

Similar with Corollary 5.1 and Corollary 5.3, we obtain the two corollaries 
below. 

Corollary 5.11. The result of twisting Th = Ai © Ai is a usual twilled 
algebra, i.e., (j>2 = if and only if H is a solution of the quasi-Maurer- 
Cartan equation, 

d A2 ff+i[ff,fl] Al =-$2, (QMC) 

or equivalently, 

H{x) * 2 y + x* 2 H(y) + H(x) *i H{y) + <p 2 (x, y) = 

H(H(x)*iy + x*iH(y)) + H(x* 2 y). (33) 

Corollary 5.12. If H satisfied (QMC), then fi 2 is an associative structure 
and defines an associative multiplication on A 2 by 

x Xh,4> 2 y ■= (i- 2 (x,y) = H(x) *i y + x *i H(y) + x * 2 y- (34) 

We consider a case of fi 2 = 0. Then (QMC) and (33) reduce to the 
identities, respectively, 

\[H,H\^ =-4> 2 , 

and 

H(x) *i H(y) - H(H(x) * 1 y + x* 1 H(y)) = -<f> 2 {x, y). (35) 

Recall the quasi-twilled algebra A (Bq A in Example 3.11. 

Claim. Define a linear map (a, x) \— » (|x, 0) on A® A. Then its integral e q ^ 2 
is an algebra isomorphism, 

2 

e q/2 :AM q A-> A®qA, Q = \- 
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Proof. 



e q/2 ((a,x) * q (b,y)) = (ab + ^ay + |cc6 + y xy, ay + xb + qxy) 

2 

= ((a + + |y) + -jxy, ay + xb + qxy) 

2 

= (a+^x,x)* Q (b+^y,y), Q="j- 

□ 

If Q = 0, then ,4©q=o.4 is the semi-direct product algebra. Thus AM q A 
is isomorphic with Ax A modulus q 2 . 

Now, the claim says that A M g A is the result of twisting of A ©q A 
by g/2. Let (i?(.4),.4) be the graph of R. One can easily verify that if R 
is a g-Rota-Baxter operator, then A M q A = A IX (#(.4), .4) is a second 
twilled algebra decomposition. By the twisting, we have a twilled algebra, 
.4M (R(A) + *A,A), 

A X (#(.4), .4) = .4 M, .4 e ^l 2 .4 © 92/4 .4 = .4 M (R(A) + | A .4). 

Example 5.13. (Rota-Baxter operator mod q 2 [8]). Let (A, R) be a Rota- 
Baxter algebra. We define a linear map B : A — > A by B(A) := R(A) + \A. 
Then the graph of B, (B(A),A), is a subalgebra of the quasi-twilled algebra 
A (B q 2 / 4 A. This implies that B is a solution of 

2 

B(x)B(y) - B(B(x)y + xB(y)) = -^xy. 

The right-hand term q 2 /Axy := (j>2(x,y) can be seen as the cocycle-term in 
(35). ' 



6 Application. 

In this section, we will give a construction of associative Nijenhuis operator. 
First we recall basic properties of Nijenhuis operator. A linear operator, 
N : A — » A, is called an associative Nijenhuis operator, if N is a solution of 

N(x)N(y) = N(N(x)y + xN(y)) - N 2 (xy). 

In general, given a Nijenhuis operator, x x jv y := N(x)y + xN(y) — N(xy) 
is a second associative multiplication and it is compatible with the original 
multiplication. Namely, xy + tx x jv y is a one parameter family of associative 
multiplications for any t G K ([5]). 

In the following, we assume that A is an associative algebra, M is an A- 
bimodule and we denote the multiplication of A by *a- 

Let 7T : M — > A be a generalized Rota-Baxter operator, i.e., ir satisfies 
the identity, 

7r(m) *a Tv(n) — 7r(7r(ra) • n + m ■ n(n)). (36) 
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where • is the bimodule action of A on M and m,n £ M. We recall the 
twilled algebra A X M n in Section 5.1.3. The associative multiplication of 
A IX Mir has the form 

(a,m) * (b,n) = (a *a b + a - n n + m b,a ■ n + m ■ b + rn x w n), 

where - n means the bimodule action of M n on A, explicitly, 

m-Ttb := 7r(m) *a b — ir(m ■ b), 
a-^n := a *a 7r(n) — 7r(a • n), 

and m x T n is the associative multiplication of M n , explicitly, 

m x n n := 7r(m) • n + m- 7r(n). 

Simply, we have 7r(m x w n) = 7r(m) *a ir(n). 

We consider a linear map Q : A — > M w . The map f2 is a strong Maurer- 
Cartan operator on a twilled algebra M n N .4 if and only if 

Q(a* A b) = a ■ Sl(b) + n(a) ■ b, (37) 
fi(a)x^fi(6) = Q(a(a)- jr & + a- 7r n(&)), (38) 

or equivalently, Q is a solution of 

d A n = I[a,n] {A . } = o. 

We give the main result of this section. 

Proposition 6.1. Let : A — > M n be a strong Maurer-Cartan operator. 

1. Then a composition map N := -kFI is an associative Nijenhuis operator 

on A. Namely N satisfies the condition 

N(a) * A N(b) = N(N(a) * A b + a* A N(b)) - NN(a * A b) 

for any a,b G A. 
The pair of (n, N) is compatible in the following sense. 

2. The composition N-k : M — > A is a second generalized Rota-Baxter oper- 

ator. 

3. The operators -k and Nk are compatible, i.e., 

[7r,JV7r] A =0. 

This implies that Nw is strong as a Maurer-Cartan operator and k + 
tNn t £l is a one parameter family of generalized Rota-Baxter oper- 
ators. 

Proof. 1. Applying ir to (38), we have 

7rS7(a) *a ivO.(b) = KQ(Q,(a) ■„ b + a 51(b)). 
In the right-hand side, 

fl(a) -vr 6 + a -jr £l(b) = TvO,(a) *a b — 7r(fi(a) ■ b) + a *a 7rO(b) — 7r(a • fi(b)). 
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From (37), we have 

f2(a) - n b + a - n fl(b) = -Kfl(a) *a b + a *a TvQ(b) — M(a *a b). 
Thus we obtain the desired condition, 

ir£l(a) *a ir£l(b) = -Kfl(-Kfl(a) *a b + a *a 7t£1(6)) — ir£lir£l(a *a b). 

2. We put a := 7r(m) and b := ir(n) for any m, n € M. Then, by the 
Nijenhuis condition of 7rf2, we have 

7rfi7r(m)*^7rfi7r(n) = %Q(%Q%(m)*AK(n)+n(rn)*ATrflTr(n))—-KQ,-KQ(-K(rn)*A'n~(n)). 

(39) 

From the identity (36), we have 

ir£lir(m) *a ir(n) = 7r(7rf27r(m) • n + Q.-K(m) • 7r(n)), 
7r(m) *a Tr£lir(n) = 7r(7r(m) • ^7r(n) + m • 7rf27r(n)), 

and from the derivation rule, we have 

7rf27rfi(7r(m) *a n(n)) = 7rfi7r(f27r(m) • 7r(n) + 7r(m) • £lir(n)). 

Thus (39) has the form, 

txQ,tx {m)*A^^{n) — n£ln(TrQTr(m)-n+Qn(m)-n(n)+TT(m)-£lir(n)+m-ir£lir(n)) — 
n fin (fin (m) ■ 7r(n) + 7r(m) • ttir(n)) = 

7rfi7r(7rf27r(m) • n + m- nfln(n)), 

this is the desired result. 

3. It is obvious that nfl-K — ntln. We have [n, = 

{{fi, n}, ttCItt} = {fi(iv <g> 1) + /t(l ® 7r) — Ttfi, -kCi-k} = 

p,(n <g> ntln) — nflnjl^ CS> 1) + p,(n£lir <g> 7r) — 7rfi7r/i(l CS> 7r) 

- 7r/i(7rf2w <g) 1) - %fi(l ® 7rfi7r), (40) 

where 7T7t = is used. From the generalized Rota-Baxter condition, [fr, 7r]/i/2 = 
/((•fr (g) -fr) — 7r/t(7r C8> 1) — 7r/t(l <8> 7r) = 0, we have 

(40) = /x(7r®wn7r)— wf2/i(7r®w)+/i(7rf27r®7r)— 7r/i(wf2w(g>l)— w/i(l(g>wf27r) = 

— TrCl^TT <g> 7T~) + fl(jlQ.-K CS> 7l) — Tljl(jlQ.Tl ® 1) + 7T/i(7r CS> fi7r) = 

— TfClfi(Tf <g> 7r) + n(i(Qn <g> n) + Ttfi(n (g> O-fr). (41) 
Since f2 is a derivation with respect to /t, the last equation of (41) is zero. □ 

Example 6.2. We put A := C^QO, 1]) and M := C°([0, 1]). We assume a 
canonical bimodule action of A on M. An integral operator is a Rota-Baxter 
operator with weight zero. 

7T : M —t A, w(f){x):= f"dtf{t). 

Jo 
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Then a derivation from A to M n , 

Sl(f)(x) := u>(x)4L(x) = u>(x)f(x), oj(x) G C°([0, 1]) 

is a strong Maurer-Cartan operator. The induced Nijenhuis operator on A 
is 

N(f){x)= r oj(t)f(t)dt. 

Jo 

Proof. We only check the condition (38). For any /, g G A, 

fi(/) g = *Sl{f)g - 7r(Q(f)g) = f dtu(t)f'(t)g(x) - f dtu(t)f(t)g(t). 

Jo Jo 

We have 

n(n(/KsO = / dtu{t)f(t)u(x) g '(x), 

Jo 

fi(/',fl(j)) = u(x)f'{x) [ dtcu(t)g'(t). 

Jo 

On the other hand, 
Q(f)x lv Q(g) = uj(x)f'(x) X 7T uj(x)g'(x) 

f-x rx 

= / dtu(t)f'(t)uj(x)g'(x)+u,(x)f'{x) dtLo{t)g'(t). 
Jo Jo 

Thus we obtain the desired condition. □ 

We consider two examples in noncommutative cases. In the proof of 
Example 6.2, we used the commutativity of only u. Hence if ui is 1 or a 
central element, then the similar proof holds over noncommutative setting. 

Example 6.3. Let A be an associative algebra and let A[[v]] an algebra of 
formal series with coefficients in A. The multiplication on A[[v\] is defined 
by 

djz/ * bjU j :— aibjV t+3 , a;, bj G A, 
where J] is omitted. We define a formal integral operator, 



I 



dvaiV % :— T——aiV l+1 , a,i G A. 
i + 1 



The integral operator is a Rota-Baxter operator with weight zero. The formal 
derivation operator is a strong Maurer-Cartan operator 

Q,(aiV l ) := z k v k -^{aiV 1 ) := iz k a i v l+k ~ 1 , z k G Z(A). 

Here Z(A) is the space of central elements. The induced Nijenhuis operator 
is 

N(aiV l ) := -z k aiV x+k . 

i + k 



2G 



Example 6.4. Let W{x,d x ) be the Weyl algebra. Define a formal integral 
operator by, for the normal basis of the Weyl algebra, 



1+J 



dl*x 3+1 , i,j>0. 



Then the integral operator is a Rota-Baxter operator with weight zero (see 
[23]). We put Q := ig x . Then Q is a strong Maurer-Cartan operator. Thus 
the composition map 



N(u) := J dxQ(u) = J dx[d x 



is a Nijenhuis operator on W{x,d x ). Since an arbitrary element u has the 
form ofu := k ij di*x j(j * 0) +kidt + k, we have N(u) = k tj d x *x j{j * 0) . Thus 
N is a projection onto the space of elements of the form kijd' x * x j{ - jjk °^ . 
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